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)n the functional equations in undiscounted and sensitive discounted

stochastic games

y

\. Federgruen

\BSTRACT

This paper considers two person zero-sum sequential games with
finite state and action spaces. We consider the pair of functional equations
‘f.e.) that arises in the undiscounted infinite stage model, and show that
1 certain class of successive approximation schemes is guaranteed to con-
7erge to a solution pair whenever a stationary equilibrium policy with
respect to the average return per unit time criterion (AEP) exists. Exis-—
-ence of the latter thus implies the existence of a solution to this pair
>f f.e. whereas the converse implication is shown only to hold under special
:ircumstances.

In addition to this pair of f.e., a cowplete sequence of f.e. has
to be considered when analyziﬁg.moreusensitive optimality criteria that
nake further selections within the class of AEPs. A number of characteri-
zations and interdependences between the existence of solutions to the
f.e. and existence of stationary sensitive optimal equilibrium policies

are obtained.

{EY WORDS & PHRASES: stochastic games; functional equations;
average return per unit time criterion;

sensitive optimality criteria; equilibrium policies







TRODUCTION AND SUMMARY

This paper considers two-person zero-sum Stochastic Renewal Games

3) with finite state space @ = {1,...,N} and in each state i ¢ Q, two
2 sets K(i) and L(i) of actions available to player 1 and 2 resp.

esak of a state as being observed for only an instant. The moment

i is observed, the two players choose an action, or a randomization
tions out of K(i) and L(i) resp. When the actions k € K(i), and

(i) are chosen in state i, then

ne probability that state j is the next state to be observed, is

. k,L N k,2 _
iven by Pij >0 (zj=l Pij = 1)

1e period of time until the next observation of time, is a random
. . .. ‘s . . . . k,Z
ariable t, with conditional probability distribution function F ’7(.)
1]
iven that j is the next state of the system

>r each x 2 0, RF?E
i

row player 2, during the first x units of time, given that state j

{(x) denotes the expected income earned by player 1

5 the next state of the system and t = x.

iscrete time case, where each transition takes exactly one unit of

is known as the stochastic games-model (cf. e.g. [14],[18]) and

e denoted as the SDG-case. When one of the two players has only

ction in each state of the system, the SRG and SDG model reduce to

tov Renewal Program, (MRP) and pure Markov Decision Problem (MDP) resp.
> payoffs are discounted at the interest rate r > 0, the SRG-game

led the r-discount game. Let V(r) denote the vector the s-th compo-
f which indicates the value of the r—-discount game with initial

s € Q. The existence of a value for the r-discount game goes back
APLEY [18].

In a recent paper, BEWLEY and KOHLBERG [2] gave a description of
symptotic behaviour of V(r), as the interest rate r decreases to

by deriving a series expansion of V(r), for all r sufficiently small.
there is no reason to discount future rewards, or whenever the infi-
stage game model serves as an approximation to the model where the

ing horizon is finite though large, the average return per unit time




writerion, in one of its possible specifications (cf. BEWLEY and KOHLBERG
3]) is the first criterion to be considered.

It is known from GILLETTE [8] that one or both players may fail to
.ave equilibrium policies with respect to the average return per unit
:ime criterion (AEPs). Recurrency conditions with respect to the transi-
:ion probability matrices (tpms) associated with the stationary policies
ave been found under which the existence of an AEP is guaranteed for
:ach possible combination of rewards. (cf. HOFFMANN and KARP [9],

OBEL [20], ROGERS [15], STERN [21] and FEDERGRUEN [6].

In this paper we show that in undiscounted SRG's, a pair of functio-
al vector equations arises which is the natural analogue of the corres-
onding ones in Markov Decision Theory (cf. [5j,[11],[17]). We show that,
n complete analogy to the structure of MRP's, the existence of a solution
o this pair of functional equations is a necessary condition for the
xistence of a stationary AEP.

We give a constructive proof, showing that a specific class of
uccessive approximation schemes converges to a solution of this pair of
unctional equations (f.e.)

For the case where the optimal average return per unit time is
ndependent of the initial state of the system, these successive approxi-
lation schemes provide an algorithm to locate AEPs whenever existing, as
s pointed out in FEDERGRUEN [7]. Conversely and in contrast with what is
nown to be the case in ordinary MRP's, it is shown that the existence
f a fixed point of the pair of functional equations only needs to be
ufficitent for the existence of an AEP when the asymptotic average value
cf. section 2) is independent of the initial state of the system.

This is explained by showing that a pair of policies which satisfies
he two optimality equations for some solution pair, is merely guaran-
eed to meet some partial optimality result (cf. prop. 2.4).

The above results are obtained in section 2, after giving the
otation in section 1.

In section 3, we give some properties of the optimality equations,
oth for the general multichain and for the unichain-case. Since only

he tails of the streams of rewards matter when considering the average




| per unit time criterion, more sensitive optimality criteria are

| to make further selections within the class of AEPs. As a conse-
:, we next consider the extension to the SRG-model of the sensitive
nt and cumulative average optimality criteria that have been

ated and studied in the literature on MDPs (cf. MILLER and VEINOTT
VEINOTT [22], SLADKY [19], DENARDO [4] e.a.) In section 4, we

hat in addition to the above mentioned pair of f.e. an entire

ice of coupled f.e. arises when considering these sensitive optima-
:riteria. We prove that this sequence has a solution when all of the
associated with the pure stationary policies are unichained.

rer, we extend the results obtained for the average return per unit

:riterion to the entire set of sensitive optimality criteria.

"ATION AND. PRELIMINARIES

For each finite set A, let Al denote the number of elements it
ns. E" denotes the n-dimensional Euclidean space. If A = [Aij]
iatrix, let [A] = maxi,leijl’ and let val A indicate the value of
yrresponding matrix game. Note that for any pair of matrices A,B of

dimension
|val A - val B| < |A-B|

:XA,y ) and (X »Y ) be equlllbrlum pairs of actlons in the matrix
A A

A and B; then mln .(A,.-B..) < (A B)y < %P Ay - x By <
1B <™ A bl BJB Ha (A-B) (A..-B..))
- va <X - X £ X - < max. . ..—B.. .
d ’ I y I Rl
ich state i € 9, let K(i) = {x € E K(1) | >0, zkffl) x, = 1}

» the set of all randomized actions available to player 1 in state
ilarly, L(1) = {y ¢ E"L(i)nl >0, zuL(l)" = 1} indicates the
* all randomized actions available to player 2 in state 1 € Q.
rery 1 € Q, any tableau of numbers [c?’zj, k=1,...,0R()I;
«..,IL(i)lI and for each pair of closed convex subsets E(i) c K(1i)

i) ¢ L(i), we denote by




N 2
1.2) [K(i),L(i)1 %

he two-person zero-sum game which has K(i) and L(i) as. the action sets

or player 1 and 2 resp. and where the payoff to player 1, is given by

I
zuK(l)II Z L(1)“ E,ﬂ Yoo

hen the players choose action x ¢ K(i) and y e I(i) resp. The minimax
k K]

hen K(1) = K(i) and L(1) = L (1) we use the abbrev1ated notation [c?’ ]
i

o indicate the game in (1.1). The following lemma is immediate from

ARLIN ([12], pp. 63):

alue of this game is indicated by val_g

EMMA 1.1. Fix i e Q. Let K(i) and L(i) be closed convex polyhedral
ubsets of K(i) and L(i). Then the sets of optimal actions in any one

f the two-person zero—sum games,in (1.1) are again closed eonvex .poly-
odral subsets of K(i) and L(i) and thus of K(i) and L(i).

A player's policy is a rule which prescribes for each stage
= 1,2,... which (randomized) action to choose in dependence on the
urrent state and the entire history of the game up to that stage. A
olicy is said to be stationary, if it prescribes actions which depend
erely upon the current state of the system, regardless of the stage of
he game, and its history up to this stage. Note that a stationary stra-
egy f (h) for player 1 (2) is characterized by a tableau [fik] ([hiﬂj)
atisfying fik 2 0 and ZkeK(i) fik = 1 (hik > 0 and ZKeL(i) hiﬂ = 1),
here fik(hiﬂ) is the probability that the k-th (£-th) alternative is
hosen when entering state i € Q. We let ®(¥) denote the set of all statio-
ary policies for player 1 (2).

When a positive interest rate r is introduced into the model,
ncome earned at time t is discounted by the factor e—rt. When in state
, the players choose action k ¢ K(i) and £ ¢ L(i), the one-step expected

-discounted reward for player 1 is given by:
© X

1.3) Ly = Z Pk £ J J e Tt a R Loy d F £ (x)
0 0




kL k’K(O) denote the one-step expected (undiscounted) reward.

't gyt TRy

(o]

kaz = J x d kaz(x) <
ij ij
0

:» the expected conditional holding time in state i, when the players
» actions k € K(i), £ € L(i) and given that the next state observed

ite j. Likewise, let

Pk,ﬂ Tk,ﬁ

L v okl _ v pked K,
T = I T = 0y Fi T

: the expected unconditional holding time in state i, when k € K(i),
€ L(i) are the actions chosen, and assume T?’E > 0

2, k € K(i), £ € L(1)).

Associated with each pair (£,h) € ® x ¥ are N-component reward

- q(f,h), holding time vector T(f,h), and the matrices P(f,h)

£,h):
W3 =L k@ L@y i g et
HER T zzeL(i) i TE’K' Big 3 1 e &
Jp(f,h)ij = Zk ZZ £ P]‘;Jgi—_ hp 3 i, eq
H(E,h),, = ) £ HI;JK b, s i, § € Q.

1y pair (£,h) € & x ¥ define the stochastic matrix II(f,h) as the

> limit of the sequence {Pn(f,h)}z=l. Denote by n(f,h) the number
schains (closed, irreducible sets of states) for P(f,h) and let

) = {1 € Q l H(f,h)ii > 0} i.e. R(f,h) is the set of recurrent states
(f,h).

>n have:




[S2)

1.5) T(E,h);, = 97 (£,h). ﬂ?(f,h)

here ﬂm(f,h) is the unique equilibrium distribution of‘P(f,h) on the

h subchain Cm(f,h) and @?(f,h) is the probability of absorption in
Il(f,h), starting from state i € Q. Observe that Z?=1 n?(f,h) = 1 and
n(f,h) P(f,h) = ﬂm(f,h). For each (f,h) ¢ & x ¥, we define the gain rate
sctor g(f,h) such that g(f,h)i represents the long run average expected
eturn per unit time when the initial state is i, and policies f,h are

sed. We thus have

g"(£,h) = < (£,h)q(£,h)>/<n (£,h)T(f,h)>, i e C(f

1.6) g(£,h). =
L -Zn(f,h)

m . .
oo 9E(E,h) gl (£,h) , i e Q\R(E,

2xt, we recall that V(r), the value vector of the r-discount game, satis

ies the equation:

1.7) V(r)i = val[p?’ﬂ(r) + zj m?iz(r)'v(r)j], ieQ, r>0
1ere mgfz(r) = P??K [ e_rt d kaz(t) > 0.
ij ij ij
0

IWLEY and KOHLBERG [2] recently showed for the discrete time case (SDG's
1at V(r) may be expressed as a real fractional power of Puiseux series
1 r, for all interest rates r that are sufficiently close to 0. More
vecifically, there exists an integer M > 1 such that:

M -
1.8) V(r) = Xk a(k) r k/M

===C0

1is result carries easily over to the general SRG-case. We henceforth
ssume that p?’ﬁ(r) and m?éz(r) have a Taylor series expansion

Le Q3 ke K(1); £ € L(1)):

IMMA 1.2. V(r) has a Puiseux series expansion as in (1.8).




: The proof goes along lines with section 11 in [2]. Note that
;K(r) <1 for all r > 0 and all i € Q3 k € K(i) and £ ¢ L(i).
7e next, from a standard contraction mapping argument that

. _ k,£ k,£ .
the equation x, = val[pi (r) +‘zj mij,(r) Xj], ie®
has a (unique) solution for all values of the parameters

p?’z(r) and mkfz(r) such that m?iz(r) > 0 and Xj m?iﬂ(r) < 1.

1]

(1.9) is a sentence in elementary algebra (cf. cor. 9.2 in [2])

llows from Tarski's principle (cf. section 11 in [2]) that (1.9)
ue over any real closed field, if it is true over the reals.

ly, the set of all real Puiseux series was shown to be a closed

ed field (cf. section 10 in [2]) which completes the proof that V(r)

n expansion of the type ZE=_W a(k)r_k/M. The fact that a(k) = 0, for
> M finally follows from the proof of th. 7.2 in [2] and the obser-
n that
) Z mk’z(r) <1-irT ; ief, ke KAL), £ € L(1)
j 1_] = 2 mln’ ’ 3

T . = min Tk’z > 0. To verify (1.10) note that e_rt <1 - irt

min ik,£ i = 2
11 r sufficiently close to zero, and use the definition of
r). 0

call from the example in section 14 of [2] that in general V(r)

t be expressed as a rational function or Laurent series in r as.is
to be the case in ordinary MRP's (cf. [4],[13]). The vector a(M)
.8) is called the asymptotic average value vector. F%nilly it was
M

= lim v(n)/n

in [2] that in the discrete-time case (of SDG's), a oo

v(n) is the vector, whose i-th component denotes the value of the

p game with initial state 1i.

E AVERAGE RETURN CRITERION; A PAIR OF FUNCTIONAL EQUATIONS

In this section we are concerned with the average return per unit

criterion, i.e. we evaluate any pair of (possibly non-statiomnary)




ylicies for players 1 and 2, by considering for each initial state i € Q

1) g(m,w)i = limian+m( Z§=1 pn)/(Em v ZE=1'TH); ie Q.

E
@,y

s

lere pn(Tn) denotes the payoff to player ! (the length of the period) in
stween of the n—1-st and the n-th observation of state. E indicates
1e expectation, given the players' policies @Iand v. A numger of equiva-
:nt criteria have been formulated in [3].

A pair of policies (w*,w*) is called an AEP, if and only if for

rery policy @ € &, and y € ¥:

2.2) g(@0,07), < gl@ ,¥7), < g(¢f,w)i, for all i ¢ Q.

: is known from GILLETTE [8] that one or both players may fail to have
1in-optimal policies. For the discrete-time case, the existence of a
:ationary AEP was shown to be guaranteed for every possible combination
I one-step expected rewards q?’ﬂ if the matrix function I(f,h) is conti-
ious on ® x ¥ (cf. [6], section 4).

Continuity of NM(f,h) on its turn is guaranteed to hold when the
mber of subchains n(f,h) is continuous, i.e. constant on & x ¥, and a
finitely verifiable) sufficient condition for the latter was obtained
1 [6], with respect to the chain structure of the set of pure policies.

smma 2-1 shows that these results carry over to the general SRG-case:

IMMA 2.1: Let n(f,h) be constant on & x V. Then there exists a AEP.

R00F. Consider the SDG which has Q as state space, K(i) and L(i) as the
:tion spaces in i ¢ @, and the following transition probabilities and

1e-step expected rewards:

~k,L kL kL L : .

Pij = T/Ti [Pij Gij] + aij’ i,7 ¢ Q, k e K1), £ ¢ L(i
).3)

E?’K - q?’z/TE’K s ieq, keR(GE), £ e L3




DE o .
there 6i. = {? ;thzréiie’ an where. T has to be chosen such that
) < T < min. ik, K /(1 Pk Z)

This data—transformatlon which was first introduced in [16], has the
yroperty of leaving for every pair of policies (f,h) € ® x ¥, both the chain
structure (e.g. the number of subchains) and the gain-rate vector unaltered.
lence, n(f,h) is constant on ¢ x ¥, in the transformed SDG as well, which
mplies (cf. [6], th. 3) the existence of a policy pair (f*,h*) for which
(£, h') < g(f h ) < g(f ,h) for all £ ¢ &, h ¢ ¥. Finally one easily con-
:ludes that (£*,h”) is an AEP, i.e. an equilibrium pair of policies within

‘he largest possible class of policies (cf. e.g. [61]). g

As a special case for the condition in lemma 2-1, we have that

itationary AEP exist, if
‘U): every pair of pure stationary policies is unichained.

‘n this section, we show that the following pair of optimality equations

iIrises when analyzing the average return criterion:

4 = va1(]} TR T
(2.4) g; = vallly_; P . &l ieQ
_ k K k, K k,£ .
(2.5) vi = valpges oy L(i,g) 19 Z Hy i gyt Z P vl ieq

where for each i ¢ Q, and each solution g* tO'(Z.A),.K(i,g*) and L(i,g*)
are the sets of optimal actions in the matrix game in (2.4) with g = g*.
Note from lemma 1-1 that the sets K(i,g) and L(i,g) are in fact the
convex hulls of a finite number of extreme points such that the games to
the right of (2.5) may be interpreted as simple matrix games. Observe
finally that (2.4) and (2.5) are the natural extension of the well-known
optimality equations in undiscounted MRPs (cf. HOWARD [11], DENARDO and
FOX [51).

We say that a pair of policies (f*,h*) satisfies the optimality
equations (2.4) and (2.5), if for some solution (g*,v*), (f*(i), h*(i))
is an equilibrium pair of actions in the matrix games to the right of
(2.4) and (2.5). First we show that a solution pair to the equations (2.4)

and (Z.5) exists whenever a stationary AEP exists. Our proof is a




constructive one; in fact we show that a certain class of successive
pproximation schemes converges to a solution pair of (2.4) and (2.5)
henever a stationary AEP exists. These schemes are the natural analogue

f a value iteration method which was introduced and studied by HORDIJK

nd TIJMS [10] for undiscounted MDPs, and a special case of which was first
ised by BATHER [1]. First of all, observe that a(M), the asymptotic average

alue vector (cf. (2.1)) is a solution to (2.4):
2.6) a§M) - Val[zj P ar’l, ie

s 1s easily verified by inserting (1.10) into both sides of (1.9), multi-
lying the resulting equality by r > 0, letting r tend to zero, and by
nterchanging the limit and value-operation (cf. (1.1)).

'e next consider a related SRG, with Q as state space. For each i ¢ @,

e K(1), £ € L(1) let,

2.7)

~k, L kL K, & (M),
;7 =9 Zj H. a

. . 3
1] J

e the associated one-step expected rewards. Both the transition probabi-
ities and the transition time distribution remain unaltered. Moreover

‘e restrict in each state i € Q the set of (randomized) actions available

€y 6y

or player 1 to K(i,a ’) and the set of actions for player 2 to L(i,a

(r), E(k), k = =o,...,M and for each f « X§=1 K(i,a(M)),h € Xi L(i,a(M))
he quantities q(f,h) and g(f,h) are defined in complete analogy to V(r),
(k)

).

k = —»,...,M; q(f,h) and g(f,h). Before introducing the successive

pproximation schemes we first need the following theorem:

HEOREM 2.2: Assume there exists a stationary AEP (f*,h*) € & X ¥ 7n the
riginal stochastic renewal game (SRG). Then

M g (£*,0%)

(k) 0, k= 1,...,M-1

a) a

b) a

c) every policy f e ¢ (he¥) which is gain-optimal for player 1 (or 2)
in the original SRG, <is. gain-optimal in the transformed SRG

d) there exists a constant B > 0, and an integer M > 1, such that for all




r, s > 0 sufficiently small:

2.8) 1T(r) - ¥(s)| < B |2 M- MY
’ROOF.
‘a),(b): go along 1ines with lemma 7.11 in [3]:
1 (k) (k) -k . ,
Let zk=- [zk_ . r ] be the Laurent series expa

of Wl (r) [Wz(r)] the total discounted return to player 1 [2]
MRP that results when player 2 [1] ties himself down to policy
Since £ [h” ] is gain-optimal in this MRP conclude that A(])

= g(f ,h ). Flnally, parts (a) and (b) follow from the inequal
W (r) < V() < W (D).

(c) Fix a stationary AEP (f*,h*) and i € Q; recall (e.g. from th.
that for any f € & and h ¢ V¥:
P(£,0%) g(£5,0%) < P(E5,0") g(£%,0") = g(£%,0") < P(£",h) g(£”
such that:
P(£f,h%) a (M) <pe*n") a™ = 2™ Cpe* n) &™) thus provi
£ (i) € K (i, a( )) and h” (1) € Ll(l a( )) for ail ie Q, or in
words the feasibility of £* and h” in the transformed game. We
show, that (f*,h*) is an AEP in the transformed SRG, with E(f*
by proving:

(2.9) (@) B(E0°) = 56,0 - a®, for a11 £ ¢ %, K (1,a™)

1]

g(£5,0) - a™, for all h « X, L (i,aM)

() §(£*,h)
Confining ourselves to (2.9) (a) (the proof of (b) being analo
fix £ ¢ X, K (i,a™

M
aM™ = pE,n*) &M, that:
C(m)

), and observe by iterating the equality

for all i € C™(£,h); m = 1,
L0D _

AR R ™, for all i e Q\R(E,0)

Then,

11

51)

h')




<nm(f,h*),q(f,h*)—H(f;h*)a(M)>

~(m) *
g “(f,h) =
< (£,h%),T(£,h™)>

= g™ (0" - ™ Qe n" ) TG )/ 1Y), TeE 0>

= g(m)(f,h*) - c(m); m= ]’.,,,n(f,h*)

*
f,h X *
BB Ghee n*y g™ (e,n") =
= g(f,h*)i - aiM), for all i € Q.

1) The proof of bart (b) shows that a

and conclude that E(f,h*)i
M) _ 0 as well as the existence of
a stationary AEP in the transformed model, and the latter implies by
applying part (a) to the transformed game, that E(k) =0 for k=1,..
as well i.e. for all r sufficiently small: '

Iﬁ(r) - E(O)l = r”M B(r) where B(r) = IZ:=O a(

function which is continuous in r = 0. Hence there exists a scalar

-k-1) k/¥, .
r ] 1s a

B > 0 and a number ri > 0 such that for all r < r*:
lV(r) - 5(0)| < Brl/M,
V(r) - V(s) < V(r) - 3

. *
i.e. for all r, s < r :

(0) + ﬁ(s) - 3(0) < BrI/M _ BSl/M < 1/M

Blr -8

We next introduce the following successive approximation scheme:

2.10) ym), = val[K(i’a(M))’L(i’a(M))][qi + Zj m, (r )y(n 1)jj
1ere {r } is a sequence of interest rates, with limh+w r, = 0.

ider the gzéumption that a stationary AEP exists, the following theorem
thibits the existence of a solution pair to the optimality equations (1.
1id (1.5) by showing in analogy to th. 1 in HORDIJK and TIJMS [10] that
1e sequence y(n)}:=1 converges under specific conditions on r :_]
IEOREM 2.3. Assume the original SRG has a stationary AEP. Then:

1) (a(M),S(g)) 18 a solution pair to the f.e. (2.4) and (2.5)

y) Let ro satisfy the conditions:
n=1
(1) (l—r;) v (l—r;) >0, as n > @
n ot TRV S V1Y .
(2) zj=2 (1 rn) ... (1 rj) lrj rj_1 ] -+ 0, as n >

k2

"= ir. min, .
where rj 2rj mlnl,k,z Tl
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5(0)

Then 11m y(n) = a

'ROOF .

a) part (a) follows immediately from part (b) by letting n tend to infinity
on both sides of (2.10) and by observing that the value of a matrix game
depends continuously upon its entries (cf. (1.1).

b) Note that

and conclude from (1.1) that |y(n+l) - V(r ). l
(2, yp Ly Ly Iy - | < Omir 10 Iy - Tyl
= (1-r ) Iy(n) - V(r )[ for all i ¢ Q,

where the second 1nequa11ty was shown in (1.12) to hold for all r
sufficiently close to zero, i.e. for all n 2 ng (say). As a consequence

of theorem 2.2, part (d), we may fix an integer n, > ng such that

for all m 2 n_: - - - o
~ ~ 1/M 1/M /M 1/M
|V(rm+1) - V(rm)ls Birm+1 - | =B" |’ L) r
We conclude that for all m = 1,2,

1/M

T =
, where B (Z/thg B.

-V ot ' _ Ut
[y(nl+m) V(rn1+m)l < (I-r nl+m) Iy(n1+m 1) V(rn]+m—l)|
1/M 1/M
P (1oaet v . |
+ B (-t n +m) Irn +m rn +m—ll

1 1 1

and by iterating this inequality, we finally obtain:

-V —e et -
|y (n*m) vcrn1+m)l < (1 rn1+m) ¢! rn]+]> ly ) V<rn1>|
n,+m ~ ~
1 ] . | J | II/M_ |1/M
+ B zj=n1+l (1 rn1+m) ... (1 rj) [rj r! .

It follows from part (d) of th. 2.2 that lim v(r ) = 5(0)
n->eo n
which in view of the above inequality enables us to conclude that

11m y(n)—a(o) = 11m y(n) - V(r ) = g

the analysis

e note that with a§’£ redefined by E?’E = q?’z - agM) % £

f th. 2.2 and th. 2.3 leads just as well to the existence of a solution

o the following pair of f.e., whenever a stationary AEP exists:




k,£

'o12 . = wvall). P.? .1, i Q

) g; = va [ZJ i gJ ie

, a k, . k,L k,L )

. 13) v, = Val[K(i,g),L(i,g)][qi g; T.7 + z P1J J], ie Q.

: next observe that conditions (1) and (2) of theorem 2.3, part (b) are

itisfied for any choice:

r =n , with 0 <b <1
n

. has been verified in FEDERGRUEN [7].

In addition, we note that when the asymptotic average value is
dependent of the initial state of the system, i.e. when a( ) = <a >
r all i € Q, the f.e. (2.4) and (2.5), as well as (2.12) and (2.13)

duce to the single (vector)-equation:

1;,»@_'_2 Pkﬂ *

* k,£ * .
.]4) Vi = Val[qi_ -<g>T 13 J], 1€

e discrete-time version of which has been considered in HOFFMAN and

RP [9]. In this case, the convergence result of part (b) of the previous=

eorem leads to a method for approximating the asymptotic average value by
wer and upper bounds as well as for finding for both players and any € > 0
ationary policies which are e-optimal with respect to the average return

iterion (cf. FEDERGRUEN [71).

AMPLE 1 shows that whereas the existence of a solution pair to the f.e.
.4) and (2.5) is a necessary condition for the existence of a stationary

P, it may fail to be sufficient:

AMPLE 1: (all TI;JE I3 4, € 5 k ¢ K1), £ ¢ L(i).
1 0 0
(0,1, 1) (1,0,0) (0,0,1) 0 2
0 0 0
(0,1,0) (0,0,1)
(5,p, 1-p) (0,0,1) (0,1,0) state 2 state 3

state 1
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The notation means that if the players choose the row and

(a,B,Y)

olumn corresponding to this box, then player 2 pays player ! the amount x
and the next state is 1, with probability o, 2 with probability B and 3
™) _ 1,0,21.

, and verify that x = 1 is the unique solu-

vith probability y = l-a-B. Take p = 2 and verify first that a

M) ™) _
2 3 =2

Note that a = 0 and a

tion to the equation:
(2.14) X = val[

>y distinguishing between the cases x > | and x < 1. Finally recall from

(2.6) that an) is a solution to (2.14). We next verify that a(M) in
*

. . . * 3 . . * *
rombination with any vector v. e¢ E” satisfying v, = v, + %V3

9 -1, is a

solution pair to (2.4) and (2.5).

Wte that K(1,a™) = {11,011 and L(1,a™) = (Ty.,v.,y.1]y. = 0,y.4y.=1,y 22}
> ’ ’ 1°72°73 3 17213

such that in this example (2.5) becomes:
* 1 % 1

LA {1 + . +
vy T MgV, T V3 T 3

1 % * *
+ §v3}; V., = V.3 V

* L
Vi 2 23

*
)

|~
w|—

Ve next verify that there is no stationary AEP in this game. Note that a
stationary policy for player 1 is completely specified by the probability
¢ with which action 1 in state 1 is chosen. Likewise, a stationary policy
lor player 2, is specified by the probability vector (yl,yz,y3) with which

he available actions in state 1 are randomized.

If x =1 and v, = 1 g(f,h)1 =0
if x=1 and y, < 1: g(£,0), = (y,42y5)/(y,+y,)
if x <1 : g(£,h)) = (3+ix)y,+2y,+2%5

thich shows that no pair of stationary policies is an AEP.

/e conclude that in general, and in contrast to what ise known to be the

:ase for ordinary MRPs, a policy pair (£°,0") which satisfies the optimality
:quations (2.4) and (2.5) for some solution pair (g*,v*), does not need to
e an AEP.




ample 1, with p = } shows that this may even be the case when stationary
Ps do exist:
te that with p = }, g* = [1,0,2] satisfies (2.4), by verifying:

1 1 2]

1 =val[] 2 OJ,

d conclude that K(1,g*) = {[x,1-x1|i<x<1} and L(1,g") = {[1,0,01}.

e optimality equation (2.5) thus becomes:

* 1% 1%, % |Lx 11, % _ % x _ %
v, = max{§Vl +3V,s 3V + 3V, —3 }s Vy = Vpi Vu = Vg
*x . . . * 3 . . * X, %
ch that g 1in combination with any vector v e E~ satisfying v, = §v2+§v3,

a solution pair to (2.4) and (2.5). Verify that any pair of policies
*,h*) with § < le'< 1 and th = 1 is a stationary AEP, whereas the
ly pair of policies which satisfies the optimality equations (2.4) and
.5) for (g*,v*) has le = 1 and h?l = 1 and 1s not an AEP.
serve finally (by considering the gain rate of one of the AEPs) that
NN

We conclude that even when stationary AEPs do exist, such policy pairs
not necessarily need to be found within the class of (pairs of) policies
at satisfy the optimality equations for some solution pair (the existence

which follows from th. 2.3).

ereas the above examples illustrate that no full optimality results may
obtained for policy pairs that satisfy the optimality equations (2.4)
d (2.5) for some solution pair (g*,v*), in proposition 2.4 below a

stricted optimality result is derived.

OPOSITION 2.4: Let (f*,h*) be a policy pair which satisfies the optimality

uations (2.4) and (2.5) for some solution pair (g*,v*).
en g(f*,h*) < g(f*,h) for all policies h, for which for all i e Q.

.15) g; = P(f*,h)g: = h(i) is an optimal action in the matrix game
in (2.4);

th the same restricted optimality result holding for player 1, when

ayer 2 ties himself down to policy h*.




PROOF. Fix a policy h which satisfies (2.15). Re
s>art (a) of th. 2.2 that g* is constant on each

and conclude that:

(1) g: < P(f*,h)g;, with

IA

* * * * *
2) vy q(f ,h)i -8 T(f ’h)i + P(f ,h)vi, for
for which (1) holds with strict equality. Ap

part (a) in [5] to verify that g* < g(f*,h),

holding for h = h*. ]

Let in example 1, fk(hk), k = 1,2 be the p

which has 1 = f%k = (h?k). Note that both for p

satisfies the restricted optimality result of pr
an AEP, since 0 = g(fl,hz)] < g(fl,h])l= 1. Obse
g* = P(fl,hz)g* but h2(1) is not an optimal acti
(2.4).

Finally note that, whereas a stationary AE
both optimality equations (2.4) and (2.5) for an
(cf. example 1 with p = }), it will certainly ha

f.e. for g* = a(M).

REMARK. In ordinary MRP's, a policy f, in order

to satisfy the seeond optimality equation (2.5)
(cf. th. 3.1 part (e) of [17]). In the general S

couldnot weaken the prerequisite in proposition

(a) (f*(i), h*(i) is an equilibrium pair of acti
(2.4) for every i € Q

(b) (£°(i), h"(i)) is an equilibrium pair of act

(2.5) for every i e R(f ,h")

even when confining ourselves to the restricted

2.4, as is illustrated by example 2:

rom the proof of

subchains of P(f*,h)

tates i ¢ R(f ,h)
e proof of lemma 4,

strict equality

licy for player 1 (2)
1 1
dp=13, (£,h)
4, but fails to be
2 . s
at h™ satisfies

the matrix game in

not need to satisfy
. . * *
tion pair (g ,v )

satisfy the first

maximal gain, needs
n its recurrent states
SRG model however, we

o the assumption:

the matrix game in

n the matrix game in

lity result in prop.




AMPLE 2: Consider the SDG-model:

0 a
(0,1) (1,0)

1 b
(1,0) (1,0)

state 1

t fk(hk); k = 1,2 be defined as above. Tak
at (fz,hl) is an AEP such that a(M) =[1,1
(M),[O,]]) is a solution pair to (2.4) and
es (2.4) in every i € Q, and (2.5) in ever
= g(fl,hz)1 < g(fl,h])] = 1 in spite of h2
oposition (2.4).

op. 2.4 makes clear that a policy pair whi
il to be an AEP, only when one of the sets
rict subset of K(i) or L(i). As a consaque

ymptotic average value is independent of t

ROLLARY 2.5. Assume agM) = <a‘M

)> for all
nts are equivalent:

y a2 0, fork = 1,... 4

I) ‘there exists a stationary AEP

11) the functional equations (2.4) and (2.
(a(M) v*).

In addition, under either one of (I), -
ich satisfies the funct. eq. (2.4) and (2.
L
(A),v*) in an AEP.

(0,1)

:ate 2

0, b =2, ¢c = 1. Note
verify that in this example
. Note that (fl,hl) satis-
R(fl,hl) = {2}; however

fying condition (2.15) in

isfies (2.4) and (2.5) may

*y or L(i,g") (ieQ) is a

problems arise when the

tial state of the system:

Then the following state-

e a solution pair

r (III), any policy pair

some solution pair
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PROOF .

(I) = (1I1): Consider the SRG, in which merely the one-step expected
~k, € _ qk,E _ Tk,ﬂa(M)

rewards are tranformed as in (2.7), i.e. q. i i

Note that various transformations on pk (r) imply this

transformatlon on the qk £ k K(O) Choose e.g.
s L <M>1 k z
(r) = p ( ) - (). m, 2" (r)-1) (to verify the latter,

J
cons1der the first two terms 1n the Taylor series expansion

of m (r)) Finally, subtract a(M)/r from.both sides of 22 7)
/= varrst e I altom -2,
i i ¢ Q and conclude that V(r) = V(r) - a(M)/r, next apply th.
2.3
(I1) = (I): cf. th. 2.2 part (b)

to obtaln. V(r)l—a

(III) = (I1): follows from prop. 2.4, by taking any pair of policies which
(M)

satisfies the funct. eq, (2.4) and (2.5) for (a ,V*),thus

proving the last assertion of the corollary, at one blow. O

REMARK. The implication (III) = (II) even holds for a denumerable state
space (cf. e.g. [6], th. 2). Observe that when the asymptotic average value
loes depend upon the initial state of the system, (I) and (II) do not need
to be equivalent, i.e. (I) may fail to imply (II); as an example take the
3ig Match (cf. [8]) which has even a Laurent series expansion for V(r),

i.e. which has M = 1 (cf. [3], section 8).

3. SOME PROPERTIES OF THE SOLUTION SPACE OF THE OPTIMALITY EQUATIONS

In this section, we discuss a number of properties of the functional
aquations (2.4) and (2.5) which we will need in the following section. We
first observe that in general (2.4) and (2.5) may fail to have a solution
»>air, just like there may fail to be (stationary) AEPs. As an example, take
2x.2 with a = 1, b = ¢ = 0, which appeared first in STERN [21] and was used
in BEWLEY and KOHLBERG ([3], sect. 11). Note from [3], that this example
1as 0 as its asymptotic average value vector, but has no stationary AEP
ind apply cor. 2.5 (or alternatively note that in this example M = 2, and

1(]) = [1,0]; and apply cor. 2.5).




Next, whenever a solution pair (g*,v*) exists to the optimality
qjuations (2.4) and (2.5), the v*—part of the solution is obviously not
1iquely determined (note e.g. that if (g*,v*) is a solution pair, then so
5 (g*,v*+c1) for any scalar c; cf. also [17], where a complete characte=
ization of the solution space was given, for the case of ordinary MRPs).
1 addition, since a pair of policies (f*,h*) which satisfies the optima-
ity equations, does not need to be an AEP, it is still unclear to us
aether the g*—part is always uniquely determined. All of the above diffi-
1lties arise, in view of the chain structure being discontinuous on ¢ x ¥
1 the general multichain case. Theorem 3.1 below gives a number of charac-
:rizations with respect to the optimality equations, under condition (U).
ince in the following section, optimality equations of a slightly more
:neral structure will appear, we formulate and derive our results with

aspect to the f.e.:

= ~ -~ k,’e k,la .
3.1) x; = valipy Taygfe” Zj Py} xj], ieq

— ~ ~ . k,'@ - k,*z k,z .
3-2) i T valiRai, 1), T, Ly 3 ey + L Bt oyl de @

~ A~

rlere for each i € @, K(i) and L(i) are closed convex polyhedral subsets of
‘1) and L(i), and where for each solution X to (3.1), E(i,x*) and Z(i,x*)
‘e the sets of optimal actions in the matrix games in (3.1) with x = x*;
;’2 and c?’z are given quantities (i € Q, k € K(i), £ ¢ L(i)).
IEOREM 3.1.

1) (3.1) has a solution X*, 1f and only Zf

}.3) the SDG with H?’K = ai’ﬂ has a stationary AEP, and

0 as its asymptotic average value vector

V) Assume condition (U) to be satisfied. Then <f (3.3) holds:
(1) The solution x* to (3.1) s unitque up to a multiple of 1, such that
the sets E(i) = K(i,x*) and I(i) = L(i,x*), i e Q, are uniquely
determined.

(2) 4 solution (x*,y*) to (3.1) exists, where X is uniquely determined
by :
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, R
< (£,h),c(f,h)-H(E,h)r° >

* o .
(3.4) X. = X. + max ~ . omin ~ L —
i i feXiK(l) » hEXiL(l) <w2(f,h),T(f,h)>
1 o
= Xg *ming x 1) " ¥eex R(1) = (f’?)’C(f’h)-H(f’h)x -
i i <r (£,h),T(f,h)>

shere x° denotes some solution to (3.1). Moreover, y* 18 unique up to

1 multiple of 1.

’ROOF .

(a) immediate form corollary 2.5
(b) (1): Let xo,x1 be two solutions to (3.1) and let (fo,ho) and (fl,hl) be

. . . . (o)
two pairs of policies which satisfy (3.1) for x and xl resp. Note that:
1 . 1.
< a(e%,n') + p(£%,n") x° and x' = a(t%,h') + P(:°,n") x! and sub-
tract the second inequality from the first one, in order to obtain:

1 . .
x° - x1 < P(£f%,h ) [xo—x]], and by iterating the latter:

3.5) [xo—xlji < c, = <w(])(fo,h1), x° - x1>, ie Q.

Similarly, we obtain
o 0 ‘ o
<“(1)(f1,h ), x - x]> =c, < [x —xlji, ie Q.

We finally show c, = Cys which proves part (a). Multiply both sides of

(y,o . o 1.
(3.5) by = (f ,h’) in order to conclude that X, - Xi =cps for all
, for all i e R(£!,0%)

1

ie R(fo,hl). Similarly we obtain xz - x; = c
o o
=c, as a consequence of R(f ,h ) N R(f ,hl) 0,

which implies ¢=¢,y
in view of assumption (U).

(2): Fix a solution xo to (3.1), and consider the SRG, which has @

as its state space, E(i) and i(i) as the sets of (randomized) alterna-

tives available to player 1 and 2 and with one-step expected rewards
~k, 2 _ k,k k,£

95 =c zj Hi'
transition time distributions. Note from lemma 1.1 that each of the

o P
xj and unaltered transition probabilities and

sets K(i) and L(i) may be considered as the set of randomizations of a
finite number of (pure) alternatives. This, in combination with condi-
tion (U), implies as a result of lemma 2.1, and cor. 2.5 the existence

of a solution to the f.e.:

BIBLIOTHEEK NA JATISCH CENTRUM




*

Vi T [K\l) L(l)] k ‘- Z k g gO Tk £+X PkJK 31’ Leq
e go is the asymptotic average value vector in this stochastic game
1 gz = <go>, i € @ in view of our unichainedness-assumption. This
.ies that x* = xo+go is a solution to (3.2), thus showing the exis-
:e of a solution pair to (3.1) and (3.2). We next show that the

vart is uniquely determined, and derive its explicit expression.
fact that the y*-part is unique up to a multiple of 1 follows as in
(b)) (1). Let (x*,y*) be a solution to (3.1) and (3.2), and let

h*) be a policy pair which satisfies (3.1) and (3.2) for (x*,y*).
g0 = x*-xo, Then for each h ¢ X, I(i):

* (o] o
vy’ 2 c(f,h) - H(f",h) x - <g > T(£',h) + P(£,h)y".

iply this inequality by H(f*,h) and conclude that:

0 <! (£%,h),c (£, h)-H(E",h)x%>
<! (£%,0), 7%, h)>

. strict equality holding for h = h'. Likewise, one can show that:

g° < <nl(£,0"), c(£,8%) - H(E,h)x® >/< 7' (£,0%) T(F,n"s
all f ¢ Xi K(i), with strict equality for f = f*, thus completing
proof of part (b). g

TIVE DISCOUNT AND CUMULATIVE AVERAGE OPTIMALITY.

this section, we consider a sequence of increasingly selective
ty criteria, which appears as the natural extension to the SRG-model
ensitive discount (or cumulative average) optimality criteria, as
ed and studied in Markov Decision Theory (cf. e.g. [41,[13],[22]).
call a policy pair (w*,w*) a n-discount equilibrium pair of poli-
EP) (n = -1,0,...), if:

Limsup r VL) (1) - v ) ()] <0 <
r

liminf r "[V(©0™,0™) () - V(o,v™) (r)]
r0
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there V(@,¥)(r) denotes the total discounted return to player 1, when the
ylayers use policies ¢, and when the rewards are discounted at rate r.

We restrict our analysis to the sensitive discount criteria for the
liscrete-time case of SDGs, in order to avoid too burdensome a notation.
lhe extension of our results to the general SRG-case, is immediate and the
imnalysis of the cumulative average optimality criteria is analogous to the
»ne given below, with the same sequence of f.e. associated (note that for
1 = =1, equivalence of the two criteria was proven in BEWLEY and KOHLBERG

31). E.g. whereas in the general SRG-model the expressions in the various
f.e., to be considered below, become more complicated functions of the terms
in the expansions of p (r) and m (r) (cf. DENARDO [4]), the structure

>f eaeh consecutive pair of f.e. is exactly identical to the ome of (3.1)
ind (3.2). Consider the following sequence of opfimality equations:

k,L g.1, ie@

(4.2) g; = valtz B3 e

‘ _ k.2 _ ,
(4.3) x(0); = valypes oy 1(i,e)10% s Z P x(O) 1, ien

(4.4) x(m), = [-x(m-1) .+ 2 P x(m) ]

valoem o x(me-1),L™ (i, % (m-1)

m=1,2,..., 1 € Q

vhere X(m) denotes the m+2-tuple of vectors (g,x(0),...,x(m)), m = 0,1,

[n addition for all m = 1,2,... and i € @ and any solution X(m-1) to the
Sirst mtl f.e. in (4.2)=(4.4), K™ (i,Xm-1)) and L™ (i,(m-1)) denote the
sets of optimal actions in the m+l-st f.e.

For each stationary pair of policies (f,h) let:
(4.5) V(E) () = g6,/ + To_o = met

cepresent the Laurent series expansion of the total discounted return asso-
:iated with (f,h). Finally, if x is a vector, we say x is lexicographically
1on-negative written x:> 0, if the first nonvanishing element of x is posi-

zive. Similarly, x is called lexicographically positive, written x > 0 if

<%O and x # 0. We write xk(})y or yé&{)x if x—y>(>) 0




4.1,

(f*,h*) be a stationary n-EP (n = -1,0,...). Then

There exists a n+3-tuple (g*,v ,...,x(n+l)) which satisfies (4.2),
(4.3) and the first n+l f.e. of (4.4).

In the Puiseux series expansion of V(r), we have:

g(£5,0"), for £ = -1
L (-

IX(K)(f*,h*), for £

]
o
=]

L~0Mp) o 0, for £ = -1,...,n; p=1,...,M"1

(£*,h*) be a stationary N-EP. Then
(£f*,h*) <8 a n-EP for all n 2 N

V(r) has a Laurent series expansion.

For n = -1 the th. holds as a consequence of th. 2.3; hence we assume
0. Note that h*(f*) is a n-optimal policy in the MDP which .results
player 2 (1) when player 1 (2) ties himself down to policy f*(h*).
th. 4 of [22] to conclude that for ali ieQ, £fe?® hel:

05200 4 5a 0" 3060 - 28,0+ Iorcen) (O (0%,
s = xR I; BCEN), x(n)(f*,h*)j] ¢

[g(£,0"). ;5 X(O)(f*,h*)i;...;x(n)(f*,h*)i] {

(35 B0 5a (850" a0, - g (7,0 + e m = O"),
Seals - x(n"l)(f*,h*)i + Zj P(f*,h)ij x(”)(f*,h*)j]

h strict equality holding for h = h*, and f = £ . One easily concludes
t X(n) = [g(f*,h*);...;x‘n)(f*,h*)] satisfy (4.2), (4.3) and the

st n f.e. in (4.4). To prove that there exists a solution to the

-st f.e. in (4.4) as well, note that (f*,h") is an AEP in the sto-

stic game, which has Q as its state space, K(n+1)(i,X(n)) and

+1) . . . . .
>(1,X(n)) as the action spaces in state i ¢ Q, and with one-step
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expected rewards H?’E = - x(n)(f*,h*)i, and transition probabilities
plot o kol ek, e.g. DENARDO [4], p. 491). Finally note that this

ij ij
stochastic game has 0 as its asymptotic average value vector, and
apply th. 2.3.

(2) We prove part (a) (2) by complete induction with respect to £.
Note that for £ = -1, the equalities a(_KM) = g(f*,h*) and a(_KM—P) =0
for p=1,...,M-1 follow from the fact that (£°,h*) is a stationary
AEP, using lemma 2.2. Assume that (4.6) holds for all £ = -1,...,£*<IL
Let

Z;=_m A(k)r—k[zll(:_co NONS'S
be the Laurent series expansion of Wl(r)[w(z)(r)], the total discounted
return to player 1 [2] in the MDP that results when player 2 [1] ties
himself down to policy h*[£*] and note that

4.8) A = 3 o 0y ana AT 2 g L L) g oy

for all k = 0,...,0 +1

in view of f*[h*] being 25 +1- optimal in this MDP. Observe that,

Wz(r) < V(r) < Wl(r), and conclude from (4.8) and the induction assump-

tion that the coefficients of the terms with power strictly less than

£*+l, in W](r), V(r) and Wz(r) coincide. Since A(_K*—l) = B(—K*_])
we conclude that (4.6) holds for £ = £%+1 as well.

b) (1): It follows from VEINOTT ([23], p. 1646) that £ [h*], since being
N-optimal, i$ n-optimal for all n > N in the MDP that results when
player 2 [1] ties himself down to policy h e .

b) (2): Immediate from (a) (2) and (b) (1). 0

We observe that part (b) of th. 4.1 may not be extended to the general
‘RG-model, since it does not even hold in the general MRP-case (cf. [4],
'. 489). However, part (b) generalizes proportion 6.4 in [3], where it was
‘hown that V(r) has a Laurent series expansion, if there exists a uniformly
liscount optimal pair of policies, i.e. a pair (f*,h*) which is optimal in
‘he r-discount game for all r > 0 sufficiently small. We next observe, that

'hereas the existence of a solution to the first n+l f.e. in (4.1) is a




cessary condition for the existence of a stationary n-EP, it certainly
y fail to be sufficient, as was pointed out for the case n = -1, in
ction 2.

In analogy to prop. 2.4, the following partial-optimality result:
y be obtained for any policy pair which satisfies (4.2),(4.3) and the

rst n+l f.e. in (4.4) for some solution (g*,x*(O),...,x*(n+l)):

OPOSITION 4.2. Fix n = =1,0,... . Let (g ,x (0),...,x (n+1)) be a solution
(4.2),(4.3) and the first n+l f.e. of (4.3), and let (£°,h") ¢ & x ¥ be

policy pair which satisfies these optimality equations for this solution.

en
et 1) 131 O m ™ 0 14T e, )
lds in every i' e Q, for those policies h for which:

9) I BB gl = gl = h(D) € LG,g")

*

(i) e Lg% and q(£*,0) = gf+ 2", h) xj‘”}:h(i)e LD (i, x%0))

th(1) <15, x{m-1)) and ™74 FEICRSIS x’g(m)}:‘ n(i) e L™ (1, 5% @),
1 £<m < n+l

‘h the same restricted optimality result holding for policy £, 0

We finally turn to the case where condition (U) is satisfied:

I0REM 4.3. Assume condition (U) holds. Then

) there exists a solution to the entire sequence of f.e. (4.2),(4.3) and
(4.4).

) Fix n = 0,1,... . In the solution (g*,x*(O),,..x*(n)) to (4.2),(4.3)
and the first n f.e. of (4.4), we have (g ,x (0),...,x (n-1)) uniquely
determined (explicit expressions of which may be obtained by a repeated

application of th. 3.1), whereas x (n) is unique up to a multiple of 1.

JOF. Part (a) follows from part (b), and part (b) is proven by complete

luction with respect to n. Note that for n = 0, the assertion follows as
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a special case of th. 3.1. Assume, it holds for some n = 0,1,... , We

then have in particular that x*(n—l) (or g* when n = 0) is uniquely deter-
mined and that the f.e.:

L

[-xX(n-1) + zj Pli‘.

(4.10) ;

x(@); = valpe M oyt ™ @ ,xm-1)] x() 41,

ief

(or (4.3) in case n = 0) has a solution. Apply th. 3.1 to the combination
of (4.10) (or (4.3) in case n = 0) and the n+l-st f.e. in (4.4), to verify

that the assertion holds for n+l as well. 0

In SOBEL ([20], th. 2), it was asserted that a stationary 1-EP always
exists under condition (U). In [6] we pointed out that the proof of this
theorem is incorrect, and the next example shows that the asserted result

itself may fail to hold:

EXAMPLE 3:

(0,1) (1,0)

-1 3 / (1,0)

(1,0) (0,1) state 2

state 1

Note that g(f,h) = (5xy-2x-4y+3)/(2+2xy-x-y) where x = f.,., and y = h

11 11°

Conclude that {f*[fT] = 1} and {h*lth Z-%} are the sets of optimal
(stationary) polices for players 1 and 2, with respect to the average
return per unit time criterion. Note however that none of these policy
pairs is 1-EP since X(O)(f*,h) = 0 when h]] = 0, whereas x(o)(f*,h*)] > 1

for all policies h" which are gain optimal for player 2.
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